In this study, triple Higgs boson production channels in a γγ -collider are investigated in the context of the two-Higgs-doublet model (2HDM 
Introduction
The discovery of the Higgs boson at CERN [1] [2] [3] is an undeniable solid experimental proof of the electroweak symmetry breaking mechanism that makes it possible to give mass to the Goldstone bosons. It was the last missing piece of the standard model (SM). However, there are still loose ends in the SM, and the answers are sought in the new models that extend the SM. There are many proposals, and many of them predict new symmetries, interactions, and particles. One of them is obtained by extending the scalar sector of the SM, and it is called the two-Higgs-doublet model (2HDM). The new doublet has the same quantum number by definition so that it couples to quarks and leptons. The model predicts five scalar particles and new vertices for them. Some of the predictions were already tested in the previous colliders and negative results were obtained. Although the LHC is powerful enough to test these theories and their predictions, no conclusive result has been obtained so far. Besides the LHC, there are continuing studies for possible future colliders. In these colliders,
− , γ e , and even γγ collisions have been proposed. Recently, the efforts put into the ILC [4] and the CLIC [5] projects were combined towards the next collider, which is called the Linear Collider Collaboration (LCC) [6] . It is assumed that the future lepton colliders will have a cleaner background, and the new physics signals could be extracted more easily from the background. The primary task of the LCC will be to complement and improve the results obtained at the LHC, and also to hunt for clues beyond the SM. The detectors sitting on the LCC beam-line are designed to study the properties of new hypothetical particles and the interactions they have. The γγ -collider is considered as a future option with an integrated luminosity of the order of 100 fb yearly [4] . The machine is expected to be upgradeable to √ s = 1 TeV with a total integrated luminosity up to 300 fb −1 yearly.
The production of triple Higgs bosons was investigated before to determine the Higgs self-couplings. In the SM, there is only one triple Higgs self-coupling, g HHH , but in the 2HDM there is a total of eight triple Higgs self-couplings [7] . Investigating these couplings in lepton colliders is a hot research topic studied extensively. This paper explores the potential of a γγ -collider regarding the triple Higgs production in the 2HDM. In general, there are various possible triple Higgs final states in the 2HDM, but in a γγ -collider only the following final states are accessible at tree-level while the CP is conserved:
These two processes and the Higgs sector regarding the γγ -collider will be investigated here. The triple Higgs production was studied before in the context of the MSSM in e + e − -colliders. However, the relevant triple Higgs self-couplings in the 2HDM could be large compared to the MSSM because the supersymmetry suppresses the quartic couplings by associating them with the gauge couplings [8] . The charged Higgs pair production in e + e − -colliders was investigated extensively in the MSSM [9] [10] [11] and the 2HDM [12, 13] . The scattering processes e
also investigated previously [14, 15, 17] with different motivations. A similar study with the same processes was presented for the Higgs triplet model [18] . In the present work, the triple Higgs boson production in the 2HDM is studied, and particularly the two processes γγ → H + H − h 0 and γγ → H + H − H 0 are investigated. Some limits on the free parameters in the 2HDM are assumed by taking into account various restrictions set in the previous experiments. The numerical analysis for the triple Higgs production is presented using these limits. The crosssection values as a function of the center-of-mass (c.m.) energy and the dependence on the free parameters of the model are calculated. In addition to these, the convoluted cross-section (
with photon luminosity in an e + e − collider is presented up to √ s = 3 TeV.
The paper is organized as follows. In Section 2, the scalar sector of the 2HDM is presented briefly. The scattering processes and the machinery of the computation are given in Section 3. The theoretical and the recent experimental constraints that restrict the 2HDM, the parameter space, and the region of interest are discussed in Section 4. Next, the numerical results of the total cross-section for various scenarios are presented in Section 5. Finally, a conclusion is outlined in Section 6.
The scalar sector of the 2HDM
In this section, scalar potential, interactions, and free parameters in the 2HDM, which are relevant to the computation, are presented. The model is obtained by extending the SM Higgs sector by a second SU L (2) doublet with a weak hypercharge Y = 1 . The Higgs doublets in the generic basis are defined as follows:
where the vacuum expectation values are given as
246 GeV. In general, the 2HDM has many parameters, but most phenomenological studies consider several assumptions that simplify the scalar potential in the 2HDM. In this study, we consider the 2HDM with CPconservation, additionally introducing a discrete symmetry ( Z 2 ) that restricts the most general form of the Higgs scalar potential and the Higgs-fermion interactions [19] [20] [21] . The flavor-changing neutral currents are avoided at tree-level under this discrete symmetry. Therefore, the scalar potential becomes the following:
In general, the parameters λ 1−4 , m 1 , and m 2 are taken as real while λ 5 and m 3 could be complex. However, m 3 and λ 5 are taken as real because CP-violation is not taken into account at tree-level in this study.
The new scalar states along with their masses and the interaction vertices between them are obtained from the scalar potential given in Eq. (2). The prescription was already given before in the literature [22, 23] ; therefore, they will be mentioned only briefly here. The ground state conditions are obtained with the aid of ∂V /∂ϕ i = 0, for i=1,2, and these relate m to the other parameters in the scalar potential. Then substituting them into the scalar potential eliminates these mass parameters. It is argued that it is convenient to study the model in the so-called Higgs basis [22] . In this basis, the Higgs doublets are rotated by angle sin β = v 2 /v and cos β = v 1 /v . The new doublets are defined as follows: H 1 = ϕ 1 cos β + ϕ 2 sin β and
If the Higgs doublets are substituted into Eq. (2), then the Higgs potential V 2HDM decomposes into several terms, namely a quadratic term, which give the masses of Higgs bosons
, plus cubic and quartic terms, which define the interactions in the model. According to the electroweak symmetry breaking, 3 degrees of freedom are eaten by the Goldstone bosons, and the electroweak messenger particles acquire mass. The remaining degrees of freedom form the prominent property of the model:
two charged and three neutral Higgs bosons [7] . The Higgs basis serves to diagonalize the mass matrices of ). Working with so many parameters makes it hard to study the model. They could be constrained by experimental results and theoretical assumptions, which are discussed in Section 3.
The Calculation of the cross-section
In this section, the machinery of the computation is expressed and some of the relations linked with the crosssection in the γγ -collider and e + e − -collider (the convolution over the photon luminosity) are underlined briefly.
The scattering processes are denoted as follows:
where k a (a = 1, ..., 5) are the four momenta of the incoming photons and outgoing Higgs bosons.
In a γγ collision, two processes are possible at tree-level with the assumptions made in the previous section, and they are γγ →
The relevant Feynman diagrams that take part in the processes given above are depicted in Figure 1 . These diagrams and amplitudes are generated using FeynArts [24] and the couplings defined in the build-in model file named THDM.mod. Next, the amplitudes are simplified, and the total amplitude is squared for further numerical calculation with the help of FormCalc [25] . The couplings involved in each of the scattering processes that are investigated in this paper are g γγH + H − , [14, 15] . They are given in Table 1 . The first two couplings are in a sense universal, and they are obtained from the kinetic energy term of the Higgs fields. However, the other couplings, g H + H − h 0 and g H + H − H 0 , are functions of the free parameters of the 2HDM, and they are obtained from V 2HDM . The
Higgs self-couplings agree with reference [16] . Table 1 . The relevant couplings involved in each of the scattering processes. c and s represent cosine and sine functions, respectively. The subindex is the relevant mixing angle α or β , whereas αβ = (α + β) and βα = (β − α) represent the combination of them. Figure 1 . Feynman diagrams at tree-level for the production of the charged Higgs pair associated with the CP-even neutral Higgs bosons via γγ collision.
The corresponding Lorentz invariant matrix element M process tot is written as a sum over the diagrams presented in Figure 1 , and the cross-section is calculated in the c.m. frame. The differential cross-section is defined as follows:
where the average over the polarization of the photons is taken. The Monte-Carlo integration methods are employed over the phase space of the final states.
In the future linear electron-positron colliders, it is possible to produce high energetic γ -rays, such that a linear e + e − -collider could be transformed to produce γγ collisions. In that case, the cross-section in Eq. (3) needs to be convoluted over the photon luminosity. The convoluted cross-section is defined as follows:
where s andŝ represent the c.m. energy in a linear e + e − -collider and γγ collisions, respectively.
s is the threshold energy for producing the particles in the final state. A detailed discussion is delivered in references [26, 27] . The maximum energy fraction of the backscattered photons is
. y max increases with the energy of the incoming electron beam because photons with energy E 0 are scattered by a laser with w 0 = 1.17 eV from the electrons at a small collision angle α 0 = 2 · 10 −6 . The energy spectrum of the photons is defined in Eqs. (3) and (4) in reference [26] ,and the mean helicity λ e (polarization P c ) of the initial electron beams (laser photon)
is assumed as λ e · P c = −1 because the number of high energetic photons is increased. The photon luminosity is defined in the formula given below:
where F γ/e (y) is the energy spectrum of the Compton backscattered photons from the initial electrons [26] .
However, it should be noted that extending the photon spectrum to higher energies ( √ŝ > 500 GeV) is an approximation because the real luminosity spectrum is unknown [28] . Besides, the convolution is carried out by considering that the interaction point and the convergence point are overlapped ( ρ = 0 ) [29] . These approximations are considered to assess the potential of the γγ -collider regarding triple Higgs production.
Constraining the parameter space of the 2HDM and benchmark points
The constraints that are applied to the free parameters of the 2HDM could be divided into two sets: theoretical and experimental. In this section, these constraints are reviewed, and the region of interest of the parameter space is discussed.
Theoretical constraints
• Vacuum stability: The scalar potential ( V 2HDM ) needs to be bounded from below. In other words, it needs to be positive in any direction of the field space even at asymptotically large values [20, [30] [31] [32] .
This constraint translates into the following conditions, and note that the third one applies if λ 6 = λ 7 = 0 [30] :
• Perturbative unitarity: The scattering cross-section of the longitudinal W -bosons tends to rise with increasing energy. When the Higgs exchange diagram is included as in the SM, that rise falls, and the theory becomes unitary. The basic idea is that the scattering amplitudes need to be flat at asymptotically large energies. In the 2HDM, the same argument applies; however, due to the additional Higgs states in the model, we need to ensure that all the scattering amplitudes of Higgs-Higgs and Higgs-vector bosons (longitudinal mode) are bounded by 16π [33] .
• Perturbativity: The theory must be inside the perturbative region. If the Higgs quartic self-couplings get large, the scalar sector becomes strongly coupled. Therefore, all the quartic Higgs self-couplings need to be small from a particular value ( |g HiHj H k H l | ≤ 4π ).
Experimental constraints
• The 2HDM needs to be compatible with all the electroweak observables that were measured in the previous experiments [34] . There are parameters that are called the oblique parameters (S, T, and U) [35, 36] , and they represent the radiative corrections to the two-point correlation functions of the electroweak gauge bosons. These parameters are sensitive to any new physics contributions, and they are set to vanish for a reference point in the SM so S = T = U = 0 . According to that, a sizable deviation from zero would be an indicator for the existence of new physics. These parameters were calculated before in references [37] [38] [39] [40] . In this study, they are numerically checked with the help of 2HDMC [41] , and all of them are less than 5 · 10 −3 for the whole region.
• ATLAS and CMS experiments have reported the long-sought resonance with the mass of 125.4 ± 0.4 GeV [2, 3, 42] . We know that the announced peak must have a nature of CP-even. Therefore, that peak needs to correspond to one of the CP-even h 0 or H 0 states in the 2HDM. In the computation, we examined both of the possibilities and investigated the implications on each of the processes. If we assume h 0 is the discovered resonance at the LHC, that limits the parameter s β−α and pushes it to unity. The second possibility is that H 0 is the discovered one at the LHC; then c β−α is set to unity. However, due to phenomenological curiosity, we let these factors ( s β−α and c β−α ) deviate from unity in both cases.
• 
Region for the analysis
After introducing all these constraints coming from the theory and the experiments in the previous subsections, we need to define a region for the free parameters defined in Section 2. In this study, inspired by reference [23] , the following two scenarios are considered.
• Scenario A: In this scenario, the particle with mass of 125 GeV is assumed as the CP-even Higgs Table 2 (rows 1 and 2), and note that t β and m H 0 are taken as free parameters.
• Scenario B: In the previous scenario, it is assumed that the particle, which was discovered in 2012 at the LHC, is the h 0 . However, that particle could also be the heavier CP-even Higgs ( H 0 ) state. In that case, the coupling c H 0 V V will be scaled by a factor of c β−α instead of s β−α , and that forces s β−α to vanish.
Besides, the couplings of h 0 to vector bosons ( c h 0 V V ) could not be large due to the limits set by the LHC.
Therefore, it needs to be suppressed ( s β−α → 0). This scenario was presented in reference [23] , and the conclusion was that the region of 65 < m h < 120 GeV was not rejected yet by the LHC particularly in the observations of h 0 → bb, τ τ . As a result, an upper limit on t β was presented. Furthermore, it was discussed that it is possible to set c β−α = 0.9 for Type I in the 2HDM [23] . Since there are no Higgsfermion couplings in the scattering process, setting different Yukawa coupling schemes does not change the results. Therefore, the exact alignment and a small deviation from the alignment are considered in benchmark points 3 and 4. The parameters are given in the Hybrid base [23] in Table 2 (rows 3 and 4) , where Z 4 = Z 5 = −1 is taken so that the oblique parameters cannot receive sizable contributions (Eq.
(76) in reference [23] ). It should be noted that the parameter regions given in Table 2 agree well with the vacuum stability, the perturbativity, and the perturbative unitarity constraints. The parameter regions are tested using 2HDMC-1.7.0 [41] . Since the couplings given in Table 1 are defined in Higgs mass basis, the conversion between the Hybrid basis to the Higgs mass basis is also accomplished with the help of 2HDMC. The relations between the masses of (m A 0 , m H ± ) and the parameters of (Z 4 , Z 5 ) are defined as follows:
Setting Z 4 = Z 5 makes m H ± = m A 0 , and note that parameter Z 5 takes part in the mass of the A 0 boson [23] .
Numerical analysis and discussion
In this section, the results are presented for the following scattering processes:
The SM parameters are taken from reference [51] , where s w = 0.22289 and α(M Z ) = 1/127.944
are set. The free parameters of the model are given for Scenarios A and B with two benchmark points in Table  2 . Before presenting the results, we would like to underline that the cross-section for each of the processes is calculated for various polarization configurations too. These configurations are inspired by the ILC, where pol-1 (pol-2) is defined as a right-handed photon with +30% (+60%) polarization and a photon with -80% left-handed polarization [52, 53] . Moving to the second process, the cross-sections of γγ → H + H − H 0 are given in Figure 3 for the same scenarios as a function of the c.m. energy. In Figure 3 (left), the unpolarized cross-section reaches up to 5.25 ab at √ŝ ≈ 2.15 TeV for the benchmark point 1 in Scenario A. In Figure 3 (right), the cross-section rises moderately to σ U U = 49 ab at √ŝ ≈ 0.8 TeV for the benchmark point 4 in Scenario B. Obviously, the cross-section of this process is quite small, and it will be a challenge to explore this process in a γγ -collider. The situation is the same for the pol-1 and pol-2 cases; both of them are smaller than the cross-section obtained with the unpolarized incoming beams. On the other hand, the process γγ → H + H − H 0 still has a small cross-section, and it goes up to 9 ab around m H 0 = 425 GeV and high t β values. Moreover, both of the trilinear Higgs self-couplings depend strongly on t β , and so does their production cross-section. A similar analysis is obtained for Scenario B, where m h 0 changes with the limits defined in Table 2 . In Figure 4 (bottom row, left), the process γγ → H + H − h 0 is plotted as a function of m h 0 where the cross-section for benchmark point 3 is higher for small values of m h 0 , and then it drops at a constant rate. The same discussion holds for the process γγ → H + H − H 0 given in Figure 4 (bottom row, right). Comparing these two processes shows that σ(γγ → H + H − h 0 ) has quite a higher cross-section
The last analysis is given for the total cross-section convoluted with the photon luminosity in an e + e − - collider as a function of the c.m. energy, and the distributions are given in Figure 5 . On the left, the process e + e − → γγ → H + H − h 0 is plotted, and the total convoluted cross-section reaches up to 1.47 fb after √ s = 1.5 TeV for bp-4. The bp-1 and bp-2 defined in Scenario A have a smaller total convoluted cross-section, and they are 0.99 fb and 1.15 fb, respectively. The bp-3 has a similar trend as bp-4, and it is just 13% lower than bp-4 for √ s > 1.4 TeV. In Figure 5 (right), the same distributions for the process
plotted. The highest cross-section value is obtained with the same benchmark points in the previous process, and it is ≈ 22 ab around √ s = 1.8 TeV in bp-4. The cross-section value is lower in the other benchmark points. Unfortunately, the total convoluted cross-section is too low to explore this process in a γγ -collider, and it requires large total luminosity. The convoluted cross-section drops in all the processes at high c.m. energies because the number of converted photons is decreased. 
Conclusion
In this study, the processes γγ → H + H − h 0 and γγ → H + H − H 0 are studied at tree-level in a γγ -collider. The calculation is performed in the 2HDM, and the free parameters of the model are inspired by a recent study [23] . It should be underlined that these processes are not affected by the types of the Yukawa couplings, and that gives the opportunity to study the couplings of the charged Higgs pair to CP-even neutral Higgs bosons ( g H + H − [h 0 ,H 0 ] ) without any interference from the other couplings in the 2HDM. Besides, the couplings g H + H − h 0 and g H + H − H 0 are the only triple Higgs self-couplings that include the charged Higgs bosons. Furthermore, these two scattering processes could be used for determining these couplings.
According to the results, Scenario B with benchmark point 4 has the highest production rate in both of the final states. The production rate of H + H − h 0 is high, and it could be possible to measure it. The production rate of H + H − H 0 is not so high because the cross-section is at the order of tens of attobarn, and the measurement of this process in a collider will be hard. The possible polarization cases of the incoming beams are studied as well in this paper; however, these polarization cases do not necessarily increase the cross-section, and, in fact, the unpolarized cross-section is better for having a higher number of events. The total convoluted cross-section in an e + e − -collider with √ s > 2 TeV is enough to gather the maximum number of events for benchmark point 4. A detailed simulation study is required for the full assessment of the collider, taking into account the acceptance and the decay chain of the neutral and the charged Higgs bosons. It should be stressed that these production channels do not compete in the search of the charged Higgs boson in e + e − and γγ colliders with the primary production channel ( H + H − ). This study presents the potential of a γγ -collider in the context of charged Higgs boson searches and in determining the charged Higgs self-couplings in the 2HDM.
